Asymptotic stability of an underwater pendulum with quadratic damping
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The equation considered in this talk is
x00 + h(t)x0 |x0 | + ω 2 sin x = 0,
where h(t) is continuous and nonnegative for t ≥ 0 and ω is a positive real number. This may be regarded
as an equation of motion of an underwater pendulum. The damping force is proportional to the square
of the velocity. The primary purpose is to establish necessary and sufficient conditions on the timevarying coefficient h(t) for the origin to be asymptotically stable. The phase plane analysis concerning
the positive orbits of an equivalent planar system to the above-mentioned pendulum equation is used in
order to obtain the main results. The obtained criterion is judged by whether the integral of a particular
solution of the first-order quasilinear differential equation
u0 + h(t)u|u| + 1 = 0
is divergent or convergent. Since this quasilinear differential equation cannot be solved in general, it can
be said that the presented result is expressed by an implicit condition. Explicit sufficient conditions and
explicit necessary conditions are also given for the origin to be asymptotically stable. Finally, our results
are extended to be applied to an equation with a nonnegative real-power damping force.

References
[1] S. Biringen, C.-Y. Chow: An Introduction to Computational Fluid Mechanics by Example. John Wiley &
Sons, Hoboken, 2011.
[2] L. Hatvani, T. Krisztin, V. Totik: A necessary and sufficient condition for the asymptotic stability of the
damped oscillator. J. Differ. Equations 119 (1995), 209–223.
[3] L. Hatvani, V. Totik: Asymptotic stability of the equilibrium of the damped oscillator. Differ. Integral Equ.
6 (1993), 835–848.
[4] N. Rouche, P. Habets, M. Laloy: Stability Theory by Liapunov’s Direct Method. Applied Mathematical
Sciences, 22, Springer-Verlag, New York-Heidelberg-Berlin, 1977.
[5] R. A. Smith: Asymptotic stability of x00 + a(t)x0 + x = 0. Q. J. Math., Oxf. II. Ser. 12 (1961), 123–126.
[6] J. Sugie: Global asymptotic stability for damped half-linear oscillators. Nonlinear Anal., Theory Methods
Appl., Ser. A, Theory Methods 74 (2011), 7151–7167.
[7] J. Sugie: Smith-type criterion for the asymptotic stability of a pendulum with time-dependent damping.
Proc. Am. Math. Soc. 141 (2013), 2419–2427.
[8] T. Yoshizawa: Stability Theory by Liapunov’s Second Method. Math. Soc. Japan, Tokyo, 1966.

1

